Abstract. Speckle fields can be used to confine and manipulate a large number of micro-particles with a single laser beam. Static speckle patterns generate a random energy landscape that can be implemented in numerical simulations through random Fourier modes. By means of molecular dynamics simulations, we study the dynamics of an active suspension of swimming bacteria as a function of speckle intensity. We observe that, increasing the magnitude of the field, speckles break the ergodicity and the system undergoes a smooth transition from trapped to non-trapped phase. Looking at the density fluctuations and the equilibrium density profiles, we estimate the threshold value for the external field. We observe that the system falls in trapped phase when the maximum force due to the speckles overcomes the bacteria's propulsion.
Introduction
Starting from the seminal paper of Ashkin [1] , optical trapping has developed into a powerful technique, widely used in many scientific areas, to manipulate atoms [2] , Bose-Einstein condensate [3] , viruses and bacteria [4] . By means of holographic optical tweezers it is possible to trap array of particles or molecules in three dimensions [5, 6] .
More recently it has been demonstrated that a static speckle pattern, generated by the interference of random coherent wavefronts, can trap and manipulate a large number of particles in three dimensions [7] . From the theoretical point of view, speckle pattern is a random energy landscape generated by random Fourier modes. The motion of the particles in the speckles can be modeled as the stochastic dynamics of a probe in disordered media. Brownian motion in random energy landscapes provides useful models to study theoretically and experimentally different phenomena like anomalous transport in inhomogeneous media [8, 9, 10, 11, 12, 13] , the relaxation properties of disordered and glassy materials [15, 14, 16, 9] , anomalous diffusion in living matter [17] and in disordered media [18, 19] . Colloids in one [20, 21] and two dimensional [22] random energy landscapes are recently investigated experimentally and by means of numerical simulations. While many efforts have been devoted to study passive particles in random potentials, the behavior of active objects has not yet been explored.
In this article we investigate, by means of molecular dynamics simulations, the active dynamics of E. coli bacteria in the static energy landscape provided by speckle patterns. The dynamics of bacteria is modeled through the well known run-and-tumble model [23, 24, 25] . Run-and-tumble is a simple but powerful model that captures many properties of motile bacteria [23, 26, 27, 28] . From the theoretical point of view, in the non-interacting limit, density fluctuations can be computed analytically in one, two and three dimensions [29, 30] . The exact theory has been used to map interacting bacterial baths into an effective non-interacting system [31] .
Explicit expression for the steady-state probability distribution function can be obtained in presence of external fields [32] . In the diffusivity limit, under some assumptions, run-and-tumble is mapped into a Brownian interacting system [33] . By means of run-and-tumble model, ratchet and rectification phenomena can be studied both analytically [32] and through numerical simulations [34, 35, 36] .
The key feature of run-and-tumble is the persistence length l = v/λ that is fixed by both the tumbling rate λ, i. e., the probability for unit of time that bacterium changes its free-swimming direction, and the self-propulsion velocity v. The persistence length sets the crossover between a ballistic regime at short length scales and a diffusive regime over long distances. On the other hand, the model becomes Brownian in the limit λ → ∞ and v → ∞ at fixed diffusivity D = v 2 /dλ [37] , d is the dimensionality of the space, in our case d = 2. In Brownian motion fluctuation-dissipation theorem gives the relation between the diffusivity D and the temperature T of the bath, D = µT , being µ the mobility. Actually some collective properties of E. coli can be interpreted modeling bacteria as hot colloids with heterogeneous diffusion constant [38, 39, 26] . Differently from hot colloids, where the Brownian dynamics allows energy fluctuations of any size, in run-and-tumble model bacteria velocity can not exceed an upper bound that sets the maximum slope that bacteria can climb when escaping from an energy barrier.
In this paper we will discuss the density fluctuations and the density profiles of run-and-tumble particles, interacting through steric potential and embedded into a random energy landscape. Varying the intensity of the external field through a control parameter, the system undergoes a non-trapped/trapped transition between a inhomogeneous phase to a localized one at high intensities. Performing numerical simulations in the Brownian limit, we compare the results with those obtained by Boltzmann density profiles at the effective temperature T = v 2 /2λµ. The resulting critical value for the intensity of the speckles turns out to be smaller than in the Boltzmann case, demonstrating that Brownian particles at the effective temperature of the active bath can not be trapped with the same intensity used to lock the active counterpart.
The paper is organized as follows. In Sec. 2 we introduce the model for the speckle field, in Sec. 3 we illustrate the numerical methods, in Sec. 4 we present and discuss the results.
Speckle field in numerical simulations
A speckle pattern arises from the interference of random coherent wavefronts as for example in the case of scattering from turbid media. In our simulations the speckle field is random Fourier field given by
We use c as a dimensionless external parameter that tunes the intensity of the forces, the amplitude a l = a, taken constant for all l, has the dimension of the square root of energy. Imposing to the fields the same periodic boundary conditions of the simulation box, one has
The ultraviolet cutoff k max is fixed by the cell length , k max = 2π . The harmonics is randomly chosen between 1 and ±[k max /k min ], θ l is a random phase.
We assume that speckle fields induce on the system forces proportional to the gradient of the intensity of the electric field. In our model, Eq. (1) plays the role of the electric field. The intensity is
where and are respectively the real and the imaginary part. The forces due to the field attract bacteria towards region of high intensity and can be expressed by a potential U (r) and the forces are
In the following we will consider two cases. The first one is the usual speckle field
The second case is that obtained taking only the real part of ϕ:
Although this way seems a rather unrealistic situation, it can easily obtained in a laboratory with the aid of spatial light modulators. In the panel (b) of Fig. (1) we show P (f max ), i. e., the probability distribution of the maximum value of force for U 1 (r) and U 2 (r). The figure is obtained averaging over N s = 3000 samples of speckles with same energy. As a consequence speckle field U 2 (r) exerts on the system greater force than U 1 (r). In the panel (c) of Fig. (1) it is shown the probability distribution of the force for the patterns used in the simulations. According to the shape of P (f max ) the speckle U 2 (r) is characterized by a long tail for large values of f . The contour plot of the forces as a function of c is reported in Fig. (1) , panel (a). The red lines indicates the regions where |f ext (r)| > f 0 , being f 0 the self-propulsion of bacteria (see below).
Molecular Dynamics Simulations

Run-and-Tumble dynamics
We perform numerical simulations of run-and-tumble dynamics in two dimensions. Considering a system of N cells of length , the swimmer is modeled by a unit vector e i , representing the swimming direction, and two short-range repulsive force-centers (beads) arranged along it. The position of the two beads of the i−th cell is labelled by greek symbols. Considering low Reynolds numbers regime [40, 41] , the equation of motions for the center of the mass and angular velocity arė
where M i and K i the translational and rotational mobility matrices of the i−th swimmer
F i and T i are the total force and the total torque acting on the swimmer
j runs over cells, α and β run over beads. The magnitude of δ β = ± 4 fixes the position of the bead with respect to the center of mass of the cell:
The pair force f (r), describing cell-cell interaction, is chosen purely repulsive f (r) = Ar r n+2 (11) and the coefficient A is fixed such that two swimmers facing head to head on the same line would be in equilibrium at the distance a (the thickness of the cell, we choose a = /2)
with n = 12. The external force f ext is given by expression (4). The self-propulsion is given by the force f 0 . The two-state variables σ i change stochastically with a rate λ from the value 1, during the tumbling, to 0 in the running state. In the tumbling state the i−th cell changes the free swimming direction receiving a random torque t r . Moreover the swimmer spends a finite tumbling-time τ = λ −1 /10 to change direction (suitable for E. coli cells [24] ). The system is enclosed in a square box of side L with periodic boundary conditions.
Equations of motion are numerically integrated for N t = 10 6 time steps using second-order Runge-Kutta scheme. Since we study the systems for different tumbling rates and self-propulsion velocities at fixed diffusivity, time steps changes from 10 −3 (for λ = 0.1) to 10 −4 (for λ = 10). Realistic parameters for E. coli are 3 µm, m 60 µm
, λ −1 = 1 s and τ = 0.1 s. In this paper all the quantities are expressed in internal unit = m = f 0 = 1, λ = 0.1. For the mobility parameters one has k ⊥ = 4.8, m = 1 and m ⊥ = 0.87 [34] . Performing two dimensional simulations, k does not play any role. We investigate non interacting and interacting swimmers with densities,ρ = N/L 2 = 0.16, 0.25 at fixed L = 50. The Boltzmann limit is studied increasing tumbling rate λ = 0.1, 1.0, 10 and free swimming velocity v = 1, √ 10, 10. The two fields U 1 (r) and U 2 (r) are generated by the same realization of N m = 500 wave vectors k l and phases θ l . The field is evaluated on a grid of 10 5 × 10 5 point by means of parallel OpenMP algorithm.
Methods
For a given realization of the speckle fields, varying the parameter c, we investigate the behavior of the density fluctuations statically and dynamically. The correlation of the density fluctuations is given by the intermediate scattering function. We compute both, the collective F coll (q, t) and the self F self (q, t) intermediate scattering function
The averaging is defined as follows
and the initial time t 0 is chosen such that t 0 > λ −1 . In our simulations we take t 0 = 5·10 4 integration steps. Looking to the long-time behavior of F coll (q, t) we define the ergodicity parameter as follows
If φ(c, q) approaches a finite value, the ergodicity breaks and the collective density fluctuations do not vanish.
To study the static properties of the model we start from the density profile defined as
(17) Figure 2 . Comparison between densities profiles, intensities and forces for U 1 (r) (left panel) and U 2 (r) (right panel). The density profiles ρ(r) are modulated by the random energy landscapes, increasing the intensity of the external field the system spends more and more time in the minima of the energy landscape to break ergodicity at high c.
The entropy of the distribution ρ(r) reads
for c → 0
with V = L 2 . We remark that, being an off-equilibrium system, entropy defined in (18) is an information entropy having not thermodynamic significance. Another observable to study the changing in entropy is its derivative with respect to the external field ds/dc. In the Boltzmann limit, the density profile due to the speckle fields U i (r), ignoring the excluded volume interaction, is
with i = 1, 2. The normalization is
The entropy of the distribution is
in the limit c → 0 one has
Run-and-tumble model reaches the Boltzmann limit at high λ and v. The limit must be performed maintaining fixed the diffusivity v 2 /2λ. We compare the equilibrium properties of the isodiffusive simulations with the Boltzmann limit expressed by Eq. (20) with β −1 ef f = v 2 /2λ. Another static observable which gives information about the density inhomogeneities, is the probability distribution of velocity for cells in the running state (σ i = 0)
with v = |v|, v i (t) = |v i (t)| and
From P (v) we obtain information about the fraction of particles locked by the field. Finally, to study the transport properties of the system, we look at the mean-square displacement
Results
The speckles modulate density profile concentrating ρ(r) in the minima of the random energy landscape. In Fig. (2) we show the density fields as a function of the control parameter c for the two types of speckle fields U 1 (r) and U 2 (r). Increasing c the time spent by the particles in the minima grows and the system undergoes a transition from non-trapped to trapped phase.
Threshold estimation
In Fig. (3) we report the behavior of the collective (left panel) and self (right panel) part of the intermediate scattering function as a function of the intensity of the speckle field forρ = 0.16 and q = 1.5. Starting from c ∼ 0.8 for the potential U 1 (∼ 0.6 for U 2 ), the collective part of the intermediate scattering function develops a plateau that continuously increases from 0 to φ = 0. Looking at the self correlation, in the range of c where one has φ = 0, F self (q, t) decays to zero, indicating that the single bacterium escapes from the energy barriers. At enough high values of c, F self (q, t) too does not decay to zero and a finite fraction of bacteria are trapped. In order to define quantitatively the threshold value c * , we look at the entropy of the density distribution given by Eq. (18). In Fig. (4, panel (a) ) the entropy as a function of c and the ergodicity parameter φ forρ = 0.16 and for non-interacting bacteria (dashed A qualitative estimation of c * can be done looking at the probability distribution function of velocity defined by Eq. (24). Since P (v) is computed with only particles in running state, the peak at low velocities is due to the fraction of trapped particles and the height is proportional to the number of particles in the minima of the potential. As we can see in Fig. (5) , increasing the intensity of the field P (v) becomes bimodal. We can heuristically define c * v as the value of c for which P (v) becomes flat at low v. We have c * v ∼ 1.2 for U 1 and ∼ 1.0 for U 2 . The threshold values are reassumed in Tab. 1. From the table, we can conclude that U 2 traps more efficiently than U 1 which means that trapping is obtained with less energetic speckles. This is in agreement with the statistical properties of P (f max ) reported in Sec. (2) .
The transition slightly depends on density. As one can see in Fig. (4, panels (b)  and (c) ), the value of the ergodicity parameter strongly depends on the intensity and weakly on density. Table 1 . Threshold values for the intensity of the speckles U 1 and U 2 . Estimation through the derivative of the entropy (c * s ), the derivative of the ergodicity parameter (c * φ ), looking at the probability distribution of the velocity (c * v ) and by the maximum force of the speckle pattern. 
Comparison with the Boltzmann limit
Run-and-tumble model is diffusive on long times. For a run-and-tumble walker in two dimensions the diffusion coefficient is [29]
The steric interaction changes the value of the diffusivity from D to D int with D int ≤ D, moreover D int is inhomogeneous in the space [31] . The diffusivity can be obtained by the mean-square displacement given by Eq. (26) studying the long-time limit. The diffusion coefficient is
with γ = 1. In Fig. (6) we show the mean-square displacement as a function of c for U 1 and U 2 . Increasing the intensity the diffusive regime becomes subdiffusive (γ < 1). The subdiffusivity regime for Brownian models in random energy landscape is well known in literature [9, 11, 19, 20, 21, 22] .
Run-and-tumble model, increasing λ and v at fixed value of the diffusion coefficient D defined by Eq. (27), reaches a genuine Brownian limit [37] . In order to compare the density profiles with the density field in the Boltzmann limit (see Eq. (20)), we perform numerical simulations at λ = 1.0, 10.0 and v = √ 10, 10 for the speckle field U 1 . In left panel of Fig. (8) the ergodicity parameter for the different values of (λ, v) is shown. Changing the self-propulsion velocity, the threshold value c * increases and the transition shifts at higher intensities. The comparison with the Boltzmann equilibrium is shown in Figs. (7) and right panel of (8) . The density is computed by Eq. (20) and the entropy of the Boltzmann limit by Eq. (22) . For small values of c, ρ(r) tends to the Boltzmann equilibrium profile. In Fig. (7) , plotting the field ρ(r) as a function of U 1 (r), we fit the field ρ(r) with e −β f it U (r) obtaining that β f it → β ef f for λ → ∞. On the other hand, the Boltzmann entropy at the inverse (effective) temperature of the active bath, starts to decrease for c values larger than in run-and-tumble model (Fig. 8, right panel) . From the behavior of ds/dc follows that Boltzmann profile develops a minimum at c * B > c * (insight of Fig. (8) , right panel). This means that we have to increase the intensity of the speckles to trap Brownian particles at the inverse temperature of the active bath.
Conclusions
We have numerically investigated the steric-interacting run-and-tumble model embedded in the random energy landscape generated by speckle fields. Choosing motility and mobility parameters suitable for E. coli, we showed that, increasing the intensity of the field, the system undergoes a transition from non-trapped to trapped phase. The threshold value for the external field c * can be studied by dynamical observables, as the collective density fluctuations F coll (q, t) or through static observables, as the density profiles ρ(r), the entropy of the density distribution s[ρ] and the probability distribution of the velocity P (v). The c * resulting from the different methods is of the same order of magnitude of c max , i. e., the value of c such that the maximum force exerted on the system by the speckles equals the self-propulsion force of the bacterium. For large values of the intensity, the dynamics of the model becomes subdiffusive. The study is performed by means of two types of patterns namely U 1 -the standard speckle patternand U 2 , i.e., the speckle due to only the real part of the electric field. The patterns are generated by the same configuration of wave-vectors and phases and the fields had the same energy. From our analysis follows that pattern U 2 traps more efficiently than U 1 . Whereupon we have compared the results with the Boltzmann regime. Increasing the tumbling rate λ and the velocity v at fixed diffusivity D = v 2 /2λ, we have studied the Brownian limit of the model, comparing the static properties obtained with the Boltzmann statistics at the effective temperature β −1 ef f = D. In absence of steric interaction, the Boltzmann measure is concentrated in the minima of the potential. Entropy decreases and the derivative ds/dc shows a minimum at c * B > c * . As a consequence, in order to trap Brownian particles (driven by the dynamics to the Boltzmann equilibrium) we have to increase the intensity of the speckles with respect to the case of active particles.
